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ABSTRACT: We study open string amplitudes with the D3-branes in type IIB superstring
theory compactified on C? /Zs. We introduce constant graviphoton background along
the branes and calculate disk amplitudes using the NSR formalism. We take the zero
slope limit and investigate the effective Lagrangian on the D3-branes deformed by the
graviphoton background. We find that the deformed Lagrangian agrees with that of N' = 2
supersymmetric U(N) gauge theory defined in non(anti)commutative A/ = 1 superspace by
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defined in N/ = 2 harmonic superspace with specific non-singlet deformation is consistent
with the deformed theory.
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1. Introduction

It is known that the graviphoton effects play an important role for studying non-perturba-
tive properties in superstring theory and supersymmetric gauge theory. The low en-
ergy dynamics of D-branes in the superstrings compactified on a Calabi-Yau manifold
with constant graviphoton background is shown to become supersymmetric gauge the-
ories on non(anti)commutative superspace [[J-f]. It is shown that the effective theory
becomes supersymmetric Yang-Mills theory on N' = 1/2 superspace, which was con-
structed by Seiberg []. This theory is defined in N/ = 1 Euclidean superspace with
non-anticommutativity for supercoordinates #° satisfying the Clifford algebra {6%,6°} =
cos B, f]- This theory is also considered as the low energy effective theory on the D3-branes
of type IIB superstring theory compactified on R®/Z3 x Zy with constant graviphoton back-
ground [.

Non(anti)commutative N' = 1/2 superspace can be generalized to extended superspace.
Non(anti)commutative harmonic superspace [§] provides particularly an efficient tool for
investigating the deformed Lagrangian and their symmetries at the off-shell level. N = 2
supersymmetric gauge theory on the non(anti)commutative harmonic superspace has been
studied in [J -[[J], where one can introduce various types of deformations by {#*,675} =
C*%% . Here 6™ are supercoordinate labeled by SU(2)g R-symmetry index i = 1, 2.



The purpose of the present paper is to study graviphoton effects in N/ = 2 super-
symmetric gauge theory, which can be obtained as the low-energy effective theory of the
D3-brane in type IIB superstring theory. We will consider the (fractional) D3-branes
in type IIB superstring theory compactified on the orbifold C?/Zy [[4]. We introduce
constant graviphoton backgrounds along the branes and calculate disk amplitudes which
remain nonzero in the zero slope limit. Here we will use the NSR formalism to represent
the graviphoton vertex operator in the closed string R-R sector. We construct the effec-
tive Lagrangian deformed by the graviphoton background. The constant graviphoton field
strength F®P% characterizes the deformation structure of A/ = 2 supersymmetric gauge
theory on the branes.

There arise some non-trivial problems to compare two parameters F*%J and C*%%,
One is the choice of the scaling limit (2ra/)"F = C' = fixed for some n in the zero slope
limit o’ — 0. Here we take F such that it has mass dimension two. In this work we will fix
n = 3/2 such that C becomes deformation parameters of non(anti)commutative superspace.
Another point is the tensor structure of the graviphoton background. In the case of super-
strings, spinor indices «, § and R-symmetry indices ¢, j are independent. But in the har-
monic superspace formalism the deformation parameter C;jﬁ obeys symmetry C(ij = Cé;
This suggests that the graviphoton background F®%4 describes more general deformation
of N' = 2 theory. We can classify the graviphoton background into four types Flefllid],
Fled)lig] | Flabl@) - FaB)(ii) | Here the (square) bracket means (anti)symmetrization.

In this paper, we will study the F(@)) type deformation in detail. We will show
that in the graviphoton background of type F(@®()  the deformed Lagrangian includes
that of A/ = 2 supersymmetric U(N) gauge theory defined in AN/ = 1/2 superspace [[[5].
For the singlet type deformation C;{]B = Csee,p [, it is pointed that the deformed the-
ory can be obtained from the constant R-R scalar background [f]. This deformation would
correspond to the F1e8li] type deformation. However, for other types of graviphoton back-
ground FleA17) and F@Pi] they do not correspond to the deformed theory obtained from
non(anti)commutative harmonic superspace due to the difference of the tensor structure of
indices.

Recently, Bills et. al. [[4] studied the low-energy effective action in particular type
constant graviphoton background and pointed its relation to the 2-background which has
been applied to obtain the exact prepotential formula [[[6]. They use the deformation of
type F@Alid] and different scaling (27?0/)%]:(0‘5)[’7} = fixed.

This paper is organized as follows: In section 2, we review type IIB superstrings on
C?/Z5 using NSR formalism and construct N = 2 supersymmetric U(N) gauge theory
in terms of the fractional D3-branes located at the singular point in the orbifold C?/Zs.
We introduce auxiliary field vertex operators to simplify calculations of disk amplitudes.
In section 3, we calculate the disk amplitudes with insertion of one graviphoton vertex
operator. We focus on the F@@) type background. In the case that only F(@A)(11)
is non-zero, the deformed Lagrangian is shown to precisely agree with the one that is
constructed in A' = 1 non(anti)commutative superspace. We also show that by restricting
to the abelian case, the deformed Lagrangian corresponds to the one which is defined in the
non-singletly deformed harmonic superspace {6, §7°} = C*5pJ with b b;; = 0. In section



4, we present our conclusions and discuss the possibility of new type of deformed N = 2
gauge theory, that is obtained from the open superstring amplitudes. In appendix A, we
summarize possible disk amplitudes including a graviphoton vertex operator, which remain
nonzero in the zero slope limit. In appendix B, we present some detailed explanations for
the effective rules in computing disk amplitudes including spin operators.

2. Type IIB superstrings on C?/Z, and D3-branes

In this section we review the construction of the N' = 2 supersymmetric gauge theory
with gauge group U(N) by a stack of fractional D3-branes in type IIB superstring theory
compactified on C?/Z?. We will use the NSR formalism.

2.1 Type IIB on C?/Z,

We begin with reviewing type II superstring theory in ten dimensions. Let X™(z, z), 1™ (2)
and 9™ (Z) (m = 1,...,10) be free bosons and fermions with worldsheet coordinates (z, Z).
Here we will take the Euclidean signature and their operator product expansions (OPEs)
are given by X" (2) X" (w) ~ =" In(z — w) and Y™ (2)¢Y" (w) ~ 6™"/(z — w). Fermionic
ghost system (b,c) with conformal weight (2,—1) and bosonic ghost system (/3,~) with
weight (3/2,—1/2) are also introduced. The worldsheet fermions 1™ (z) are bosonized in
terms of free bosons ¢*(z) (a =1,...,5) by

%(Wl T i) = 6% (2) : con. (2.1)
Here ¢%(2) satisfy the OPE ¢%(2)¢?(w) ~ 6% In(z —w) and the vectors e, are orthonormal
basis in the SO(10) weight lattice space and cea is a cocycle factor [[7]. The bosonic ghost
is also bosonized [[§: 8 = 0ée=?, v = ¢’y with OPE ¢(2)¢(w) ~ —In(z — w). We will
omit normal ordering symbol : : sometimes. In order to describe the R-sector, we need to
introduce spin fields S*(z) = e*(z)cy, where ¢ = ¢%, and A = 3(Ffe1 eyt egtesLes).
A belongs to the spinor representation of SO(10). ¢ is a cocycle factor. In type IIB theory,

o (z)

after the GSO projection, we have spinor fields which have odd number of minus signs in

A, for both left and right movers.

We compactify the theory on C x C?/Zs with internal coordinates (2°,...,z'°) and

put the D3-branes with world volume in (2!, 22, 23, 2*) directions. We introduce complex

string coordinates and worldsheet fermions by

Z = E<X5+2X6> 7<w5+w6>
7 — (T4
Zt = E(X +iX%), W= f(lb + i),
Z? = —(X9 +iX10), v?= —(¢9 + ip10). (2.2)

S

V2

The Z, action g acts on string coordinates as (Z, Z1, Z2) — (Z,—Z1,—Z3). For spinor
states, g acts as 4+ rotation on the 7 — 8 and —7 rotation on the 9 — 10 plane. Namely for



a spin state |Az, A4, As), g acts as 1 ® io3 ® (—io3), which breaks the SO(6) spin symmetry
into SO(2) x SU(2). Zz invariant states are made of

22 2

€ 1 1
—, =, 4+=), e==%l.

Ten-dimensional spinor field S* can be decomposed into SO(4) x SO(2) x SU(2) under the
orbifold projection:

SN — (895§t §u5(+) g7y (2.3)

where S and S¢ (o, & = 1,2) are four-dimensional spinors with weights i%(el + eg) and
+1(e1 —e), respectively. We will follow the conventions of [[J]. The upper and lower four-
dimensional spinor indices are related by the anti-symmetric tensor e*?. §&) = e£2% and
S? denote the internal spin fields. S? have weights :I:%(e4—|—e5). Similarly to four-dimensional
spinors, internal spin indices i are raised and lowered by €%.

When N D3-branes are located at the orbifold fixed point, the massless states describe
N = 2 supersymmetric U(N) gauge theory. The N' = 2 vector multiplet consists of gauge
bosons A,,, two gauginos A% (i =1,2) and complex scalars o, which belong to the adjoint
representation of the gauge group.

We denote the vertex operator for a massless field X in the g¢-picture by V)((q). For

bosonic fields in the (—1)-picture, they are given by

Vf;l) (2%&’)%14“(]9)%1,[)“6_(156“ malp X

V2

1 . 7
VD = (27a/)2 P PeiVITa X
1) = (2na)bplp) e e

D=

(-1 _
Vo = (2nd)

1 - e
Plp) s Te vV, (24)

where p* is four-momentum. For calculations of scattering amplitudes, we need vertex
operators in the O-picture. These are given by

Vf(‘o) = 2’L'(27TO/)%A#(])) ((9X“ + i(27ro/)%p . ¢¢“) gV Imap X
Véo) = 21’(2#0/)%@(])) ((9Z + i(27ro/)%p . ¢\If) etV2malp X
Ve = 2i(2ra)2¢(p) (aZ +i(2ma/)zp - w@) eiV2malp X (2.5)

For fermionic fields, they are constructed by using the spin fields:

ng_l/Q) = (2md’) Ao‘i(p)SaS(_)Sie_%qbe“Zmlp'X,

VO (ara)

LY S 9V}

/_Xdi(p)gdSH)Sie_%%“ malp- X (2.6)

The prefactor of the vertex operators ensures that all the polarization has canonical dimen-
sion. Following [f], the Fourier transformation is taken with respect to the dimensionless
momentum k = v27a/p so that the momentum polarization A, (p) has the same dimension

of A,(x).



The graviphoton vertex operator belongs to the R-R sector and is expressed as
VPTG 5 = (2ma!) FOP e 399,80 8, (2)e 295,350 5 (2). (2.7)
We have normalized F*%% such that it has canonical mass dimension +2.

2.2 Disk amplitudes

We now consider a disk amplitude such that open strings end on the D3-branes. The disk
is realized as the upper half-plane whose boundary is real axis. The vertex operators for
massless vector multiplets are inserted on the real axis and the graviphoton operators are
in the upper-half plane. We apply the doubling trick where right-moving fields are located
on the lower-half plane with the boundary condition:

5.58)8i(2) = §,8)8,(z)| . (2.8)

The disk amplitudes can be calculated by replacing So.S(7)S;(2) by S4S(7)S;(Z) in the
correlator. The n + 2nz-point disk amplitude for n vertex operators V)(gi)(yi) and nr

(=

graviphoton vertex operators Vi 2 2)(,2], z]) is given by

(q1) (,l‘,l IIz 1dyz 1dede (q1) (=1,-1y B
«qull Vg =7 = Cbp, dVCj(G <Vx(i1 (yl)"'vf 22 (2, 2) )
(2.9)
Here Cp, denotes the disk normalization factor, which is given by [Rd]
1 1
Cp, = (2.10)

272 (a)? %
gyM is the gauge coupling constant and k is a normalization constant of U(NN) generators
T, tr(T°T®) = ké®. dVoge is an SL(2, R)-invariant volume factor to fix three positions
z1, r2 and w3 among ¥;, zj,and z;’s:
dxldxgdmg

(z1 —x2) (22 — 23)(23 — 21)
Note that in the disk amplitudes (R.9) the sum of the ¢-charge in the bosonic ghost must
be —2.

. . . . . _1
We need some correlation functions of ten-dimensional spin operators e~ 295 (z),

dVera = (2.11)

bosonized fermions f*¢(z) and the Lorentz generators : f*¢ f*€i(z) .. The Lorentz gen-
erators can be eliminated from the correlation functions by using the Ward identities (see
appendix B). The correlation functions are reduced to the ones of bosonized vertex oper-
ators of the form e*?(2)c5 = e*?e%(2)c;. Here A= (\q) and ¢ = (¢ ¢). The cocycle
factor is given by c; = exp(miAM[D¢]o), where [p]y denotes the zero mode of d¢. The
6 x 6 matrix M [[7 is given by

0O 0 0 O00O0
0O 0 00O
1
M= 0 000 (2.12)
-1 1 -1 0 00
1 1 1 100

-1-1-1-110



Then the correlation functions are calculated as

(9 (n)es, - MV aw)es,) = [ (i = )™ exp(miki - MAy)S
i<j

5 A (0,-2)" (2.13)

Here ); - ij = X\ - \j — qiq; for N = (M\iyq;). When we decompose the spin operators as
in (R.J), we can obtain the “effective” rules for space-time and internal parts [1]]. These
rules are summarized in appendix B.

2.3 N =2 gauge theory and the auxiliary field method

The action of N' = 2 supersymmetric Yang-Mills theory is given by

_ 11 1 1. - 1
SEAE = /d% ———tr ( —=F, F" — —F,,F*" — D,pD" g — = [p, vl
g2k 4 4 2

) _ . 1 - .
—iN'o" DAy — —=A [@,Ai]——QAi [<p,AZ]>, (2.14)

Sl

where

F,, = aHA,, — 8,,Aﬂ + Z'[AH, Ayl
Du‘P = 8;190 + i[Auy 80]7 (2'15)

2 —ir3,1) are Dirac

and F,, is the dual of F,,. o, = (ir!,ir?,it3,1) and &, = (—ir!, —iT
matrices. Here 7% (a = 1,2,3) denote the Pauli matrices. The gauge fields, scalar fields
and gauginos are expanded by the U(N) basis such as A, = A}T. In the action (R.14)
we have eliminated auxiliary fields of the superfields. The action is derived by computing
disk amplitudes with vertex operators attached on the boundary of the disk.

The auxiliary field method [{] (see also [R1, BJ]) is found to give an effective tool
to simplify calculations because a four-point amplitude can be reduced to the three-point
amplitude which includes an auxiliary field vertex operator. In [[f], this method was applied
to obtain non(anti)commutative N/ = 1/2 super Yang-Mills theory from the D3-brane in
type IIB superstrings compactified on C3/Zg x Zs. In this paper we generalize this method
to the case of the N’ = 2 gauge theory.

In [{f], it was shown that the quartic interactions of gauge fields can be written into
the cubic type interactions by introducing the auxiliary self-dual tensor H,,,, which is also
expressed in terms of 't Hooft eta symbol such as H,, = H°y;,,. The gauge field part
—mtr(ﬂ%ﬂ + F,, F*) in the Lagrangian is equivalent to

11 (1 , S D T )
——Q%M;tf (Z@Au—aﬁlu) +i0, Ay [AF, A¥] + SHoH® + S Horff, [A", A ]). (2.16)

In the N' = 2 case, the action (R.14) contains other quartic interactions which include
scalar fields and gauge fields. We therefore introduce new auxiliary fields H Ay H Ag, and



H,z. The Lagrangian is shown to be equal to

11 1 1 1
LA} = ——5—tr |2 (0uAy — B, Au)? + 10, A [AM, AY] + SHCH® + —Henf, [A", AY)
@2k 4 2 2

+au¢au@+ iau@[AMa @] + i[Aua (P]aM@_ HAWLHZ@—F iHAgou [AM7 95] + i[Au7 @]Hxip
+H2 +Z\/—Hsosz>[%07 @]
. _ . 1 - .
—iN'o* D, A; — —AZ 5, N — —=A; |, AY]] . 2.17
Mt \/5 [SO ’l] \/5 1 [SO :| ( )
The auxiliary fields have relevant vertex operators in superstring theory. In [, it is
shown that the auxiliary fields H,,, is associated to the vertex operator

L oma!) H ()t eV T X () (2.18)

Vi) = 5

in the O-picture. In the N/ = 2 case this vertex operator can be generalized to other
auxiliary fields such as

Vi) = 2i(2ma’)Hap, t WelVErer X

Ap
VIS,OA?@ = 2i(27ra')HA¢H1/)“\Ife“ malp X
0) _ i / LtV 2malp- X
Vi, = —iV2(2ra/) HypWWe' . (2.19)
We now explain that all the interaction terms in the A" = 2 Lagrangian (2.17) can be
derived from the disk amplitudes with vertex operators on the boundary. For example, the
H,, [A*, A¥] term in (£.17) is derived from the disk amplitude

WOV )V ()

_ 1 1 nel (1 2 /deyj
S kg%M@m) 3 (5) w04, et [

3
x (e~ PW2) = P)) (¥ i (yy )P (ya ) <H ivama'p; X >

(2.20)

Here we have separated the correlator into the four-dimensional, internal and ghost parts.
The ghost part can be evaluated by the Wick formula. The other parts are calculated by
the effective rules in appendix B. The X* correlator is given by

3
<H eimpj'x(yj)> = (y1 — y2) P (g1 — ys) TP (g — yy) TR (2.21)
j=1

Since we consider only the massless states, we have p; - pj = 0 for 7,5 = 1---3 and the
contribution from the X correlator becomes trivial. Taking all together, the amplitude is

WV )V o)V (03)) = —5—tr [Hyu (p1) A (p2) A¥ (p3)] (2.22)

kgym



We note that the appropriate o’ scaling appeared. After adding the other inequivalent
color ordered amplitudes to the above one and taking the symmetric factor into account,
we find the interaction term corresponding to this amplitude is

11 ,
L= —%Etr [H, (x)[AF(x), AY (2)]], (2.23)

which is precisely the desired interaction in (R.17). The other interaction terms can be
calculated in a similar way and the results are

(V2 o0V VvV ))) = —ﬁtr (A (1) Ap(p2) Ao (p3)57°

+p11/A,u(p1)Ap(p2)Ao (p3)5ﬂp6yo
—P1vAu(p1)Ap(p2) A (p3)dh? 6], (2.24)

(Vi VD o)V a))) = kgfj (H s (010 (02)2(03)] (225)
(Vi VA 0V ) = e [, o0 A @p9)] . (220
(VO VA 0V ) = ot go) 44 2)2(05) (227)
(A" w0vy ”2)@2)%5“’@3)»=—k£Mtr A% ) Aaip2)p(pe)] . (2:28)

<<V§*1/2’<p1>v/§*”<p2>v< Y2 () ) =

Adding other color ordered amplitudes and changing the phase of A, we find that all the

o A% (1) () 4, (p2) R 55(0) | 2.29)

cubic interactions in (R.17) are reproduced from these disk amplitudes.

3. Disk amplitudes in the constant graviphoton background

In this section, we will calculate the correction to the disk amplitudes due to the insertion
of one graviphoton vertex operator.

3.1 The zero slope limit

We now examine the effect of the graviphoton vertex operator inserted in the disk. We
will take the zero slope (field theory) limit o/ — 0 at the final stage of the amplitudes
calculation. The R-R graviphoton vertex operator in the disk amplitudes is written as

Vi (2 2 (ama! ) PO [5a(2)8 ) (2)Si(2)e 20D 55(2)5 ) ()8 (e 2 |(3.1)

where we identify the left- and right-moving part.
We need to fix the scaling of the constant graviphoton background. In general we can
take the limit such that
(2ma/ " FOP = B (3.2)



is fixed for some n. For n = 3/2, the parameter C*%7 has mass dimension —1, which is the
same dimension as the deformation parameters in the non(anti)commutative field theory.

We firstly explore which type of disk amplitudes remains nonzero in the zero slope
limit. Let nx be the number of vertex operators for a massless field X. Assuming that we

can assign the appropriate picture number for each vertex operators, the amplitudes of the
form (V34 .- VZ?V27) scale as (o)™, where

1 3
M:—2+§(nA+n¢+n¢,)+Z(nA—i—n;\)—i—(l—n)ny:. (3.3)
Here —2 comes from the normalization of the disk amplitude. For M < 0, the amplitudes
remains nonzero in the zero-slope limit. Using the ¢3 charge conservation we get
1

1
—Ngp + N — §nA+§n;\—ny::0. (3.4)

Using (B.3) and (B.4), the condition M < 0 becomes

1 1 3 1 1 1/5
§nA+ n-3 Ny + 5 M n@+§ n+§ nA+§ 5N ny < 2. (3.5)

We then can classify which type of amplitudes remain non-zero in the zero-slope limit. This
analysis can be generalized to the amplitudes including auxiliary field vertex operators. Let
nil be the number of vertex operators for auxiliary fields Hy. Then the condition (B.5)
becomes

1 1 3 14+2n 5—2n
inA+<n—§>n¢+<§—n>n¢+ 1 na+ 1 nA+nIZA+n5¢+nnIZ¢+(2—n)nIZ¢§2 (3.6)

with the ¢3-charge conservation

1 1
—ng,—l—n@—§nA—|—§n;\—n£¢+nIZ¢—nf:0. (3.7)

We now consider the case n = 3/2. In this case, the condition (B.6) becomes

%nA—l—n@—l—nA—i—%nA%—ngA—l—ng@—l— gnio—l— %nia < 2. (3.8)
Without auxiliary fields, we find that 17 types amplitudes remain non-zero. For example,
AY@"F FF type amplitudes remain non-vanishing in the zero slope limit for nz > 0. This
infinite series type correction arises also in the case of non(anti)commutative harmonic
superspace [§, [[J]. Indeed, this systematic analysis of o/ scaling is only a sufficient condition
for the non-vanishing amplitudes in the field theory limit. In the string theory there is no
guarantee that the amplitude is non-vanishing even though it has an appropriate o’ scaling.
In this work we will consider the lowest order correction to the amplitude by one con-
stant graviphoton vertex operator for simplicity. This is because we have a large number of
amplitudes including multi graviphoton vertex operators and the effective rules to separate
space-time part from the ten-dimensional correlators become very complicated.



3.2 Disk amplitudes in the zero slope limit with fixed (2770/)3}'

We will examine possible structure of string amplitudes in the scaling limit with fixed
(2md/ )%.7-" . But it is necessary to see the explicit form of the correlator before the zero-
slope limit is taken.

Focusing on the ¢3 charge, the graviphoton vertex operator contains two internal spin
fields S(-). To cancel this ¢5 charge, one should insert one @ or two A vertex operators.
Thus the non-zero disk amplitudes that include one graviphoton vertex operators should
be of the form

- VeVe), (- VEVRVE), (3.9)

where remaining part is ¢3 neutral. Possible insertions are of the form
Va, VoV, VaVg, Vo ViV, VaVaVa. (3.10)

Thus, the non-zero amplitudes with one graviphoton vertex operator have the structure
of (B.9) with the insertion of the vertex operators appearing in (B.10).

As mentioned in [2J], when we have non-zero amplitude with a 0-picture vertex oper-
ator V)((O) corresponding to the fields X = (A4,, ,¢) (which produces the derivative 0,X),

the amplitude which is obtained by replacing V)((O) by VI({OA?X

, is also non-zero. The com-
bined amplitude (((V)((O) + VI(JOAX) ---)) corresponds to the gauge covariant derivative D, X.
Thus, whenever we have non-zero amplitude in the zero-slope limit which contains 0-ghost

(0)

picture vertex operator Vy ', we should also consider the auxiliary field vertex operator

VIS&)X to obtain gauge covariant result.

We do not need to calculate the interaction [A4,, A,]? which can be generated after
the integration of the auxiliary field H,, in the Lagrangian, at the string level. Such
interactions must be carefully extracted from those presented in the previous subsection.

We summarize all the possible vertex insertions that survives in the zero-slope limit in
appendix A. Any other amplitudes containing one graviphoton and A/ = 2 vector multiplet
vertex operators vanish in the zero-slope limit or are reduced to the amplitudes in appendix
A.

3.3 Graviphoton effect

Before calculating the corrections explicitly, we will examine the tensor structure of Fo%4 .
Since the space-time spinor indices « and the R-symmetry indices ¢ are independent, we
can classify the deformations as follows: Flefllidl FlaB)lid] - Flabl(ii) anq FleB)id)  We call
these as (S,S), (S,A), (A,S), (A,A) type respectively. The general background contains all
of these types simultaneously. It may be better to investigate each type of deformation
separately. In the following, we consider only the (S,S) type of the graviphoton background
Fopis = FleB)d) - As we will see, this type of background corresponds to the graviphoton
field strength that induces non(anti)commutative N' = 1 superspace {6%,0°} = C*% and
non-singletly deformed N = 2 harmonic superspace {§**, §7°} = C*5pJ. The vertex opera-
tor for the graviphoton field strength contains two internal spin fields S;, S;. These internal

,10,



spin fields, when inserted in the disk without any other internal spin fields, generates anti-
symmetric tensor €;; through the correlator (S;(2)S;(w)) ~ €;;. When this anti-symmetric
tensor is contracted with the graviphoton field strength F(@#)) it gives vanishing ampli-
tude. To obtain the non-vanishing amplitudes, at least one fermion vertex operator should
be inserted. The cancellation condition of the ¢3-charge implies that the smallest number
of fermion insertion is actually two. We examine all the possible amplitudes including two
fermion vertex operators below.

o (VAVEVEVE) + (VaViVia,VF)

The first example of the amplitudes is (VaVVzVr)). We should assign the picture number
to each vertex operators adequately and evaluate the correlators. The amplitude is

VA2 o)V )V () VE AT P s )
1

:Wﬁ@m/)?’(%)ﬁ [ (1)K (02)p(3) | FODE

d _
/H y]< - ¢(y1)e_%¢(y2)e_%¢(z)e_%¢(z)>(Sk(yl)Sl(yg)Si(z)Sj(E»

dVeka '
Xi(210) 2 p3,u (S, (1) 82 (y2) 0" (y3) S (2)S5(2))
x(SO) 1) (2T (1) (2) 8 <H el X<yf>>- (3.11)
7=1

Here the symbol “(S,S)” means that we extract only non-zero contributions in the correlator
after contraction with the (S,S) type of the graviphoton field strength F (@B)(i7) | Using the
effective rules and the massless condition, we get

«V1£71/2) (p1)VK(71/2) (P2)V( )(P3)V](E )>>(S7S)
! 1 z —1mi - _ aB)(ii
2 (Uﬂ)a eyge A" I - tr Aﬁj(pl)Ajj(pQ)p?wSD(pg)] FlaB)(ig)

(3.12)

The overall phase which comes from the cocycle factors and spin fields [[7 is explicitly
written. The SL(2, R) invariance is used to fix the positions to y; — 00,z — i,z — —i [f.
I is the world sheet integral and is evaluated as

Yz (2i)? o oaaT
I—/ dyQ/ dys CESCESY (21)27. (3.13)

After all, the resulting amplitude is

WA )V o)V (s VAT P s )
1

= 2

Y

} o [Aai(p1)Aaj(p2) (") fipsup(ps)] C@PED), (3.14)

— 11 —



where we have defined C(@#)) = —47726im(27ro/ )%]: (@B)(i7) | By adding inequivalent color

ordered contribution, we find that the amplitude is reproduced by the following interaction:

L= kg%M tr [CCND 19, 5(2), (0)aa K (2) } Ay ()] (3.15)

This result contains derivative of the adjoint scalar which originates from the zero-ghost

)

picture vertex operator Véo . As we noticed before, the auxiliary field amplitude

(VaVzVi,, VE)

also contributes to the Lagrangian. In a similar way, the auxiliary field contribution to the

amplitude is evaluated as
AP oV P o) Vi) sV T s s)

2 1 — . g
- - A g By S, (aB)(ig)
N T [ Rai(p1) R (p2) (045 Hag, (ps) | €O (3.16)

After adding other inequivalent color order and multiplying the symmetric factor, we find
the sum of the above two interactions becomes

L= —% kg‘%M i [CODD [9,5(2) + Hag, (2), (010K (@)} Agy(@)] . (317)

o (VaVxVxVre) + (VaVrVxVr)
The next possible amplitude that can survive is (VaV5V5Vr)), which is given by

(VA" ) V-2 )V () VAT g )

e 20)(2ra" Pt [ A Rer(p)A

b 1 y (1L dys
2120 kg2, Bl

(aB)(ij
(vs)| 7 T

N3

x (e300 3200 30) (5 () () 5i(2) 5 (7))

. 3
<i(2ma) s pro (070 (1) 5% (1) (42)S(2)S3(2)) <H ﬁX()>

j=1
1 . —Lr v A e
= 7207 fog? (222)(47720/2) I -e”4™%r (ot )aﬁplﬂAy(pl)Adi(pQ)ABi(p3):|
YM
x (2ma) 2 F @A) (3.18)

Here we have introduced the Lorentz generators o, = i (0,0, —0"5,). The world sheet

integral I is given in (B.1§). This amplitude is evaluated as

(O o)V () V-2 (py) VAT g

A
82 A e 5 —37m (aB)(ig
= ot | (0" )ap1 A (01 Rai (p2) K (o) | (2ma!) 23T FODE). - (3.19)
Iym

- 12 —



The amplitude (VuV5ViVF)) also contributes, whose calculation is essentially the same

as (B.1§). The result is

W )V () V2 (pa) V2D )

A
11 . e
=575 tr|(" )aBHW(pl)Adz’(Pl)Aj (p3) @A), (3.20)
2 ngM

By adding another color ordered amplitude and changing the phase of A, we obtain the

graviphoton induced interactions

£ == gt [{ 0 0) = 0,400 - §Hul) | ol )| €2 321

Here we have defined CH*(1) = (0")apC (@) and included a symmetric factor of %

o (VoVEVEVeVr)

The amplitude of the form (VaViViVpVr)) is also the candidate for the non-vanishing

amplitude:

(" Vi eV )V v )

71 —1 2(927 3 = a31]
s o o) 220 [ A () )t 00

I dy;, _

[t Ao b 0100 5, 40) 50 5i(2)5,2)

x ((0Z(y1) + i2ma)epr - 0T(y1) ) ST y2) S (45) S (42) S s)

X <8_(y4) + i(27ro/)%p4 . wﬁ(m)) S (2)8)(2)S4(2)S5(2 > <Hez\/ﬁpj X(yj)>

] (3.22)

The 0Z0Z part and the cross terms does not contribute to the amplitude because the
¢s-charge can not be canceled. The non-zero contribution comes from the p; - ¥ py - Y

part only. The correlator is reduced to the form

?(2ma")prupa (W (y1) Sy (y2) S5 (y3) ¥ ( y4)Sa(2)55(2))
(W (y1) S (y2) S (y3)W(ya) S (2)57) (2))
X<e*%¢(y2)e*%¢(y3)e*%¢(z) *%¢>(z)>_ (3.23)

However this is a higher o/ order contribution so that it does not survive in the zero-slope

limit in our scaling.

,13,



o (VaViVF)
The amplitude is

(VD )V () v BT g )

%ﬁ@m')?tr [Raapr) B 5 (p2) | 7%
decin T30 g (z)e 2P (S% (1) (42) S ()55 (2))
x (S (y1)S (y2) ) (2)) (2))(S* (1) S (y2) S <f[ vara'py X (u;) >
- (3.24)
The effective rule for the correlator of four space-time spin fields is
(S%(11)S” (12) S (2)S(2)) = e¥eap(ys — 1) "2 (2 — 2) 72, (3.25)

which gives vanishing contribution when contracted with the (S,S) type of graviphoton
field strength.

o (Vir,, VaVsVir)
The amplitude is
(Vi Va2 (o) Vi V2 (pg) V2712,
= s g 2o (-

/H dy]< —36(y2) ;—30(ws),, 1¢>(2)6*%¢(5)>
dVeka

X (S¥ (42)S" (43)Si(2)S; (D)) (S (12)S° (2)) (Sa(2)S3(2))

< (T (y1) S (y2) S ()8 (2)5)( <H eiV2mep;: (y1)>- (3.26)
7j=1

[SIEN]

iV2)tr [nga(pl)xyk(pg)K&(m)] Fabij

In this case, there is a factor e,4 coming from the spin field correlator (S, (2)Sz(Z)). When
it is contracted with the (S,S) type of the graviphoton, this part gives vanishing result.

Altogether, the interaction term Lg g in the Lagrangian induced by the (S,S) type of
the graviphoton field strength at the lowest order is

11 5 .
Lis9) =~ Srat [COND {0,5(2) + Hap, (@), (0")aa K3 (w) b Ags(a)]
i 1 i e (i
T H@Ay@) 0, Au(@) — 5Huu<x>} Rai(w)A Aw)] ).

(3.27)
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After integrating out the auxiliary fields, we find effective interaction terms are written

as
1 11 o) (i _ —é
Lis,s) = _E%Etr [C( DD, (0")achh i}Aﬁj}
i 11 — 1111 N —
—————tr |y A0 | g [R A O CL Y | (3.28
29§Mkr{“ g +8g§Mkr[ J R ]( )

If we consider the case that only the part C*% = C*1! is non-zero, we find the deformed
Lagrangian

Le= LA+ Lis.s) (3.29)

precisely coincides with the one constructed in the N' = 1/2 superspace with the Moyal
product [L5]!

11 1 P S PO T pnGa
L=——rtr [—ZFWF“ = 1 Fw " = ia(")* Dya — itha () Dytha
Iym
_ _ . 1 _
—(DpA) (D" A) = VA YA = iV2[A, X — 5[4, A]Q]
1 1 ; S 1 - . 2 _ _.
+———tr —ZOM E A A + S |C2(AaA%)2 — \/——Caﬁ{DﬂA, (") aa A\ Mg | -
G K 2 8 2

(3.30)

Here, we have defined p = A, Al = \,A; = A\, A = Q,Z),Kl = ). Actually, this (S,S) type
of the R-R background F@#)(11) corresponds to the graviphoton vertex operator which
induces the non-anticommutativity in the A" = 1 superspace [ff],

VP () ) =(2mal) FAOOD sa(z)s<———>e—%¢<z>sﬁ(z)s<———>(z)e—%mz)} . (3.31)

It is worth to mention that deformation to the super Yang-Mills action in the back-
ground (B.31]) terminates at the quadratic order in F though it is not the case for the
general graviphoton background. The F? term appeared in the (B.29) is the only possible
one.

We thus conclude that the N' = 2 super Yang-Mills theory defined on the N' = 1/2
superspace {HQ,Hﬁ} = C*P is the effective theory of the D3-branes in the background
graviphoton field of the type (B.31)). The effective Lagrangian preserves only a part of the
original supersymmetry but the canonical gauge invariance is intact [[5]. Note that the
background corresponding to the Lagrangian (3.29) is self-dual and does not receive the
gravitational back-reaction.

The general type of the graviphoton background F(®#)(i) seems to correspond to the
non-singlet deformation {6, 08 } = C*Ppi of N' = 2 harmonic superspace. In fact, for b

'Here, compared with the Lagrangian in [E], we have rescaled A, — FIMA‘“ (A,A) - L(4,4),

gYM
C*F — L_(CF.
gYM

,15,



satisfying b% bij = 0, the exact deformed N = 2 abelian gauge theory was obtained in 1,
which is of the form

= 1 v [y A Qi A&
L = —0,pd'p — ZFW(F“ + FH) — iA (o) aa0u N

+AV2ICPY (01)060,3 - KA gj — 20769 Rag R — 20159 € b (KR (Ag ).
(3.32)

If we identify C*Pp = %C(O‘ﬁ)(m, the non-singletly deformed Lagrangian (B.39) exactly
agrees with the (S,S) type deformed theory (B.29). For the non-singlet case with b%b;; # 0,
we can show that the deformed Lagrangian (B.29) agrees with that of [LT] at the first order
in be.

4. Conclusions and discussion

In this paper, we have written down the low-energy effective Lagrangian of N’ = 2 super-
symmetric gauge theory from the open superstring amplitudes in the graviphoton back-
ground. The structure of the deformed action depends on the scaling condition of the
background in the zero-slope limit. We have chosen that the deformation parameter has
the same dimension of the non-anticommutativity parameter of the superspace, i.e. the
graviphoton polarization scales as (271'0/)%.7: = fixed in the zero-slope limit.

Compared with the deformation of N' = 1 super Yang-Mills theory [q], where only
finite number of graviphoton vertex operator insertion in the disk amplitude is allowed,
arbitrary number of graviphoton vertex operators can be inserted in the disk amplitudes
in the case of the deformation of A’ = 2 theory.

We have discussed that the graviphoton field strength F*%% can be classified into four
types: (S,S), (S,A), (A,S) and (A,A) types. In the present work, we have investigated the
(S,S) type deformation in detail. For (5,S) type deformation, we have shown that the
N = 2 super Yang-Mills theory defined on A/ = 1 non(anti)commutative superspace is
precisely equivalent to the effective theory of the D3-branes in the presence of the self-dual
F@B)) graviphoton background. We also find that the deformed N = 2 abelian gauge
theory defined on non(anti)commutative harmonic superspace {#'®, 6%} = C*5p with
b bij =0 [] is reproduced by the disk amplitudes.

In this paper, we have considered only disk amplitudes with one insertion of the
graviphoton vertex operator. In the case of the F(@®D background, it is shown that
the number of graviphoton vertex operators are less than or equal to two in the zero slope
limit. The non-zero amplitude at the quadratic order is <<VK4V%>>, which is generated by
integrating out the auxiliary field in the Lagrangian deformed at the first order in C'. For
general (S,5) type background F (@B)(17) | there exists infinitely many higher order contri-
butions to the non-vanishing amplitudes. In principle, we can calculate these graviphoton
contributions in the NSR formalism [23]. However, it would be less tractable because of the
complicated structure of the correlators for many spin fields. It would be better to calculate
the effects of graviphoton background by using the hybrid formalism of superstring [R]

,16,



rather than the NSR formalism since one can keep manifest N/ = 1 supersymmetry on the
branes.

We have seen that the deformations with parameters Fl*1(@) and F@Aliil do not
correspond to the deformation of superspace. These types of background would give new
types of deformation of A" = 2 theory. In [[[4], the (S,A) type of the graviphoton F(@)i]
has been discussed. They considered the scaling (2wa/ )2.7-" C = fix, which is different
from ours. In this scaling, the non-zero contribution comes from only two amplitudes

(VaVeVr), — (VEVeVrF). (4.1)
After integrating out the auxiliary fields, the effective Lagrangian L. is shown to be
Lo= LR+ L, (4.2)
where the induced interaction £’ is simply given by

L=

Fu@C™ + (pCH 2] (4.3)
kgym
We can also study the (A4, A) type deformation, which is expected to correspond to the
singlet deformation of N' = 2 harmonic superspace [[(J]. But it is easily found that this
theory includes divergence such as ﬁtr@C in the zero-slope limit. Therefore it is

wal)

necessary to consider renormalization or back reactions in this type of deformation. We
will examine deformed N = 2 gauge theories corresponding to these types of graviphoton
backgrounds in a forthcoming paper. We can also extend the present construction to
deformed N/ = 4 supersymmetric gauge theory, where the deformed Lagrangian in the
N = 1/2 superspace is known [RJ. String theory calculation would provide more general
type deformation of N' = 4 theory. This subject will be also discussed in a separate paper.
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A. Classification of possible disk amplitudes with one graviphoton inser-
tion

All possible disk amplitudes including one graviphoton vertex operator, which remain non-
zero in the zero-slope limit, are summarized as follows:
—1)1,(=1/2,—1/2
L Qv ey

0 -1 —-1/2,—-1/2 0 —1 —-1/2,—-1/2
2. (VOVEOVEATYEY (Pl DV A,
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3. <<V1§0)VIL(‘0)Véfl)V}*1/27*1/2)>>, «V/(‘ )V( )V( 1)V]§_ 1/2,— 1/2)>>’
0 0 -1 —-1/2,—-1/2 0 0 1 1/2,—1 2
<<VIS)VA(1 )Vé )V](_- / / )>> ,<<V( )V( )V( )V( /2,—1/2) )
4 <<Véo)v(0)V(—l)v(—1/27—1/2)>> <<VISIA)¢V(O)V( )V( 1/2, —1/2)»’
(

<<V(O)VI§OA? V( l)V( 1/2, 1/2)>> «VH(Z,VIS(Q@VJE?”V](-‘ 1/27*1/2)>>

5. <<VI({0) V(O) Vﬁfl)V}*1/27*1/2)>>

op Hpp ¢
6. <<V1§0)Vlg(()’?@véfl)v}(jl/zflﬁ)>>’ «Vlgo)Vlg(gvsvéfl)vf(q/z,q/z)»
—1/2)1,(=1/2)1,(0) 1 (—1/2,—1/2 1/2 1/2)1 (0 1/2,-1/2
7. ((ij /)VK( /)Vé )V} / /)>>7 ((V( /)V( /)V() V( /2, /)>>

8. (VOVYAY R Oy 121,
9. <<V7571/2)V£71/2)V}71/2’71/2)>>
10. (VOVEIYEIDY IRy 0y 12y 12y 17271/,
11. <<V1({:¢,V/E 1/2)V( 1/2)V( 1/2-1/2)y

B. Effective rules

The correlators for ten-dimensional spin fields can be decomposed into four-dimensional
and internal parts [[il. The effective rules which are used in this work, are derived from
general formulas in [[[7. For four-dimensional spin fields, the rules are summarized as

(Sa(2)S5(2)) = caplz —2)"2, (B.1)
(S (41)S” (y2)) = e (g1 — 2) 2, (B.2)
(5%(51)5” (y2)Sa(2)S5(2)) = e¥enp(yr — y2) "2 (2 — 2) 2. (B.3)

If there is a world sheet fermion in a correlator, it should be carefully computed by evalu-
ating the cocycle factor. For example, we find

1

(% ()" () Says)) = =5 (@) epalvr - Y2) "3 (g2 — ys) 2, (B.4)

NI

and

L (1)S° (y2)1H (y3)Sa(2)S5(2))
= %wl — )2y — 2) 2 (ya — ya) 2 (yr — y3) 2 (ys — )% (ys — 2)2 (2 — 2) 72
X

(") ap(yn — y3) ™" + (0")Seyslys — 2) 7 = (0") Perslys —2)7] . (B.5)
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The effective rules for the correlators for internal spin fields are given by

(5:(2)8;(2)) = e5j (= — 2) "2, (B.6)

NI

(S (1) (42)S*(2)S'(2)) = (1 = v2) (1 — 2)(y1 — 2) (2 — 2)(y2 — 2)(= = 2)]~
X [e”ejk(yl —2)(y2 —2) — " (y2 — 2)(y1 — 5)}

Jun

= [(y1 —y2)(y1 — 2)(y1 — 2)(y2 — 2)(y2 — 2) (2 — 2)| "2
x [—eTM 1 — (o — 2) + " (1 — ) (2 - 2)]
(B.7)

If there are Lorentz generators in a correlator, we reduce it to the one which does not
contain any Lorentz generator by the formula in [[[7]:

(0 (z (z0) 160V (2) 1 09 (z) - 0D (z1) )

p) -
Z{ MMV = ) M - 272
l
X <o<p>(zp) . 0UD (2, 1)0W) (z) - - 0(”(z1)> : (B.8)

Here, M, N are ten-dimensional space-time indices and the matrices (M MV )é, and (M 'MN)%/
are specified by the OPE:

MM (2) : 0O(w) ~ [z = w) MMM + (@ =) N | 0O (W), (B9)

The space-time Lorentz generator : ¢*1" : correlates only with the four-dimensional part.

We find
(5% ()9 (22)57 (z8)) = ~(0") (21 = )2 (;1 — ) Mz =) (BO)
In a similar way, for one Lorentz generator and four spin fields, we find
(W (51)S% (42) S (y3)Sa (2)S(2))
1 5 | (gmryade (y2 — y3) ()5 (2 —2)

g1 —y2) (y1 — v3) (y1 —2)(y1 — 2)
(B.11)

= (y2 —y3) 2(2 — 2)

In the case of the internal ”Lorentz generator” : WV :, the same formula can be used. The

result is

)T = G

(B.12)

For X* fields, the general formula [[[7] is useful:

<H€ 3X Zl H iv2ma/p(). X(ZJ)> H [ai H(Zi_Zj)Qna’p(i).p(j)(.B.13)
1

z
{1} {1} vm’ﬁ““zf(”] i>j
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By using this formula, we find

(

and

Y1 — yj
(B.14)

1<J j=2

Aﬂ(p1)(9X“(y1) H 6i\/2na’pj.X(yj)> — H(yl _ yj)Qna’pi.pj 5 Z'(27TO/)%

Au(pr)p} ]

j=1

<Au(p1 YOXH () V2maPIXWD) A, (1g) XY (y) eV 2T P2 X (42) iV 2m’p3-X(y3)>

= (y1 — y2) 2O PIP2 (g — yy3) 2O PLPI (yy — gyg)2m0 P2

" [Au(pl)A“(Pz) (2ma’) AL (p1)py Au (p2)py  (2ma’) AL (p1)ps Au(p2)pY

(y1 — ?/2)2 (y1 — ?/2)2 (y1 —y2)(y1 — v3)
(2ma’) Ay (p)py Au(p2)ps  (2ma’) Au(p1)p5 Au (p2)p} }

(Y1 —y2)(y2 — y3) (y1 —y3)(y2 — ¥3)

(B.15)
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